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Abstract. The Yang-Baxterization R{z) of the trigonometric R-matrix is com- 
puted for the two-parameter quantum affine algebra Ur.si-sln)- Using the fusion 
procedure we construct all fundamental representations of the quantum algebra 
Ur,s{sln) as (r, s)-wedge products of the natural representation. 

1. Introduction 

Two-parameter general linear and special linear quantum groups were introduced 
by Takeuchi [TB] in 1990. This new type of quantum groups was used in |2] to incorpo- 
rate two seemly different types of quantum general linear groups: the usual quantum 
general linear groups from Drinfeld- Jimbo quantum algebras [Bj i9j and Dipper-Donkin 
quantum linear groups [5] connected with quantum g-Schur algebras. Similar two- 
parametric quantum groups originated from special solutions of Yang-Baxter equa- 
tions was also studied in [10] and they interpolate the usual quantum groups and the 
exotic cases from the six vertex model. All these quantum groups can be viewed as 
quantum transformation groups over certain quantum planes in the sense of Manin 

In 2001 Benkart and Witherspoon [T] investigated the two-parameter quantum 
group in connection with the down-up algebras. In [2] Benkart and Witherspoon 
developed the two-parameter quantum groups corresponding to general linear and 
special hnear Lie algebras g[„ and sl„, and constructed the corresponding i?-matrix 
and the quantum Casimir element. They further showed that these two algebras can 
be realized as Drinfeld doubles. In [3] the representation theory of two-parameter 
quantum groups L^r,s(sfn) ?7r,s(5tn) was studied and an explicit description of the 
(r,s)-symmetric tensor ^iV) and the R-matrix R = Ryv was given. 

The fundamental representations play an important role in the representation the- 
ory of classical Lie algebras serving as building blocks and examples for general highest 
weight representations. In the case of 5[„, the fundamental representations are just 
the wedge modules of the natural representation. The fundamental representations 
of the quantum group Uqi^sin) were first studied by Rosso in [H] using the general 
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highest weight theory. Later the fundamental modules were reconstructed using the 
fusion procedure [121 [H] in connection with the quantum affine algebras Uq{sln)- A 
natural question of the wedge modules arises for the two-parameter quantum groups. 
Although the tensor modules of f/r,s(5ln) have been constructed in [3] it is nontrivial 
to pass down to the irreducible quotient modules, and the best method seems to be 
the fusion procedure. In order to carry out the fusion procedure one first needs to 
find the i?-matrix with spectral parameter as in the one-parameter case. 

In this paper we first use the Yang-Baxterization method developed by Ge-Wu- 
Xue [7j to construct a spectral parameter dependent i?-matrix for the two-parameter 
quantum algebra ?7r,s(sln) from Benkart-Witherspoon i?-matrix. This is done by 
exploiting the two-parameter i?-matrix as a braid group representation. We remark 
that our R-matrix R{z) can also be viewed as the R-matrix of two-parameter quantum 
affine algebra Ur^sisln) [8], from which one can use the fusion procedure to study the 
(r,s)-wedge modules of Ur,s{5ln)- 

The paper is organized as follows. In section 2, we give a brief introduction of two- 
parameter quantum groups Ur^sid^n) ?7r,s(sln) and recall the results given in [3]. 
In section 3, we obtain an R-matrix with spectral parameter which can be regarded as 
the R-matrix corresponding to the two-parameter quantum affine algebra Ur^s{sin) by 
using the Yang-Baxterization method of Ge, Wu and Xue. In section 4 we determine 
all (r, s)-wedge modules of t/r.slsln)- 

2. Two-parameter quantum group f/r,s(sln) and R-matrix 

We first recall the definition of the two-parameter quantum group Ur^s{sin) and some 
basics about their representations from [3j. Let ei,e2,...,e„ denote an orthonormal 
basis of a Euclidean space E with an inner product (, ). Let 11 = {aj = ej — ej+i\j = 
1, 2, n — 1} be the set of the simple roots of type v4„_i, then $ = {ej — |1 < i 7^ 
j < n} is the set of all roots. 

Fix nonzero elements r, s G C with r ^ s. 

Definition 2.1. The two-parameter quantized enveloping algebra f/r,s(sln) is the uni- 
tal associative algebra over C generated by Cj, /j, cjj, a;-, \ <i <n with the following 
relations: 

(Rl). The generators Wj, are invertible commutative elements, 

(R2). ujiej = r^^^'°'^h^''+^'°'^'^ejUJi and Uifj = r-^'*'°'^h-^'*+^'°'^'^ fjcoi, 
(R3). uj'^ej = r<^«+i'"^)s<^-"^>ejw,' and u'Jj = r-<^'+i'<^^)s-<^-"^>/ja;,', 

(R4). [e„/,] = i^(u;,-u;0, 

(R5). [ci, ej] = [/i, fj] = 0, if\i - j| > 1, 

(R6). e]ei+i - (r + s)eiei+iei + rsci+ief = and 

e-+iei - (r + 5)6^+16^6^+1 + rs6^+i6j = 0, 

(R7). /2/,+i -^r-i + s-i)/,/,+i/, + r-is-i/.+i/f = and 

fi+ifi-{r ^ + s ^)fi+ififi+i+r V?+i/i = 0, where [,] is the usual commutator. 
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Remark 2.2. When r = q, s = q ^, the algebra modulo the ideal generated by the 
elements Uj — uo'-, 1 < j < n, is Uqisin)- 

The algebra [7^,5 (stn) is a Hopf algebra under the coproduct that cuj, uj[ are group- 
like elements and other nontrivial coproducts, counits and antipodes are given by: 

A(e,) = ei®l + uji®e,, A{fi) = I ® h + fi ® uj[, 

e(ei) = e(/i) = 0, S'(ei) = -ujl^ei,S{fi) = -fiUj'^\ 

The natural representation of U = f/r,s(5tn) can be easily described as follows. 
Let A = Zei © Ze2 © ■ ■ ■ © Ze„ be the weight lattice of 0[„ and Q = Z$ the root 
lattice. Assume A is equipped with a partial order in which u < X if and only if 
X — u E Yl^=i ^>otti- For each i < n define the fundamental weight 

uJi = ei-\ h ej. 

Then A^i = ZcJi © ■ ■ ■ © ZZJ„_i is the weight lattice of si 

Corresponding to A G A^i, there is an algebra homomorphism A from the subalgebra 
Uq of Ur^sisin) generated by ojf^, co'^^ to C given by: 

(2.1) X{ui) = r<^-^)s<^'+i'^\ A(wO = r<^»+i'^>s<^-^>. 

Let V be the n-dimensional vector space over C with basis {vj\l < j < 1}. The 
natural representation is the [/r,s(stn)- module V with the action given by: 

Uj = rEjj + s-Ej+ij+i + ^ Ekk, 
<^'j = sEjj + rEj+ij+i + ^ Ekk-, 

where 1 < j < n — 1. 
It is clear that 

(2.2) UiVj = r<^-^i>s<'^+i''^\ 

(2.3) u[vj = r^'i+i^'^) ^ 

for all so Vj has weight ej = cJi — (ai + ■ ■ • + aj_i). Therefore V = 0j=i is 
the weight decomposition, and it is a simple module of Ur^s{s^n)- 

In 12] the authors studied the tensor powers of the natural representation V of 
Ur,s{5ln) and the associated R-matrix. Let R = Ryv be the i?-matrix associated to V 
given by the coproduct, and for 1 < z < fc, let Ri be the f/r,s(sln) module isomorphism 
on V'^'' defined by 

Ri{wi © ® • ■ ■ ® Wk) = t^l © ■ ■ ■ © R{Wi © Wi+i) © © ■ • • © W^fc. 
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Since R = Rvv satisfies the Yang-Baxter equation, the braid relations hold: 
RiRi+iRi = Ri+iRiRi+i for 1 <i < k, 
The construction also implies that for |i — j| > 2, 

The following result was given in [3]. 

Proposition 2.3. Whenever s ^ —r, the Ur^s{5\-n)-i^odule V ®V decomposes into 
two simple suhmodules, S^g{V)(the (r,s)- symmetric tensors), and Ars(^) (^^^ ("i^^s)- 
antisymmetric tensors). These modules are defined as follows: 

(i) : S'^g(y) is the span of {vi^Vi\l < i < n}U {vi^Vj + sVj^Vi\l < i < j < n}. 

(ii) : /\lg{V) is the span of {vi (8> Vj — rVj ^ Vi\l < i < j < n} . 

Consequently one has that 

(2.4) R^ = (1 - rs-^)Ri + rs'^Id 
for all 1 < i < fc. 

Proposition 2.4. [3] The minimum polynomial of R on V ®V is [t — l){t + rs~^) 
if s ^ — r. 

From the proposition 12.41 it follows that the action of i? on V" (8> is given as 
follows: 

n 

(2.5) R = ^Eu®Eii + r^ Eji ® Eij + s"^ ^ Eij ® Eji + (1 - rs'^) ^ Ejj ® En. 

1=1 i<j i<j i<j 

3. Yang-Baxterization 

Starting from a i?- matrix of the Yang-Baxter equation (YBE), Yang-Baxterization 
of R recovers the associated spectral parameter dependent i?-matrix R{z) satisfying 
the YBE: 

Ri{z)R2izw)Ri{w) = R2{w)Ri{zw)R2{z). 

When R has two or three eigenvalues Ge, Wu and Xue [7j gave an algorithm to 
compute the Yang-Baxterization of R. Suppose R has two distinct eigenvalue Ai, A2, 
the Yang-Baxterization gives the resulting R-matrix R{z) as follows: 

(3.1) R{z) = X2^R + zXiR-^. 

Proposition 12.41 shows that R = Ryv has eigenvalues 1 and —rs~^ on V ® V, 
then by the Yang-Baxterization we have the following theorem. We remark that the 
resulting R-matrix with spectral parameter z is (r, s)-analogue of the i?-matrix for 
the quantum affine algebra Uq{sln). 
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Theorem 3.1. For the braid group representation R = Rvvj the resulting R-matrix 
R{z) is given as follows: 

n 

R{z) = (1 - zrs-^) Eii ® Eii + (1 - ;2)(r J] -fs"^ ® Eji 

1=1 i>j i<j 

(3.2) + z(l - rs-^) J2 Eii ® Ejj + (1 - rs"^) ^ En ® E^j. 

i<j i>j 

Proof. We already mentioned that R = Ryv has two distinct eigenvalues Ai = —rs~^ 
and A2 = 1. Ge-Wu-Xue's Yang-Baxterization implies that the resulting R-matrix 
with spectral parameter is then given by: 

R{z) = R- zrs-^R-^ 

On the other hand, Eq. (12. 4p implies that 

= r-^sR+ {l-r-^s)I. 

Thus R{z) = (1 - z)R - z{rs'^ - 1)/, which is exactly Eq. ([S2D. □ 

Remark 3.2. Clearly -R(O) = R. Moreover, when r = q and s = q~^, the R-matrix 
R{z) turns into 

n 

Rg{z) = (1 - zq'^) J2 Ei^ ® Eii + (1 - z)q ^ Eij ® Eji + (1 - q'^){J2 +^ J^'^^u ® Ejj, 

1=1 ij^j i>j i<j 

which is exactly the R-matrix for the quantum affine algebra Uq{sln)- In this regard 
we can view R{z) as an (r, s)-analogue of the R-matrix Rq{z) of the quantum affine 
algebra [/g(st„) [8]. 

4. (r,s)- WEDGE MODULES OF Ur,s{slri) 

In [3J Benkart and Witherspoon studied the (r, s)-symmetric tensor S'^giV) (see 
Proposition l2.3p using the Hopf algebra structure. Here we give alternative description 
of the symmetric tensors using the fusion procedure. 

Proposition 4.1. The subspace S^g{V) is equal to the image of R{rs~^) onV ®V , 
and K^g(y) is equal to the kernel of R{r^^s) on V ^V. 

Proof. This is a simple consequence of the spectral decomposition of the i?-matrix 
R{z). In fact applying R{rs~^) to Vi ® vj proves the first statement and the second 
one is verified by evaluating R{r~^s){vi ® vj — rvj f j) = for i < j. □ 

Remark 4.2. The above proposition is the analogue of the one-parameter case (see 
[TI]). In fact, when s"^ = q = r, the (r,s)-symmetric tensor S'^^iV) of ?7r,s(sln) 
reduces to the g-symmetric tensor W of f/g(s[„) (see [TT]). 
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Now we can study the general wedge products of the two-parameter case using the 
fusion procedure as in [TT]. The following theorem completely determine (r, s)-wedge 
modules for Ur,s{sln). 

Theorem 4.3. On the tensor product of the natural representation of Ur^s{sln) we 
have 

k-2 

(4.1) V^®V ® S^V) ® \/®(^-^-2) ^ v(ZJ^) 

i=0 

Proof We denote the image of Vi, Vi^... ® e V®^ in V^^ / Y!IZq V®' ® Sl^iY) ® 

First we show that the vector Vi-^ /\ Vi.^ /\ ■ ■ ■ /\ is a highest vector with highest 
weight uJk in the Ur^s{sln) module. 

It follows from Eqs. f l2.2p -( l2l3|) and the Hopf algebra structure of Ur^si^in) that 

UJi■Vl^V2^■■■ ^Vk = r<^-=i+^2+-+£fc>g<£i+i,£i+£2+-+efc>^^ a fa a ■ • ■ a f^, 

UJ[■Vl^V2^■■■ ^Vk = r<^'+i'^i+^2+-+efe>^<e„ei+e2 + -+£fe>^^ A f 2 A • • ■ A f fc- 

Hence f i A f 2 A • • ■ A f ^ has weight TJk = Si + €2 + ■ ■ ■ + Sk- 
Furthermore the action of Cj on V®^ is given by 

k 

Ci ■ Vi® V2® ■ ■ ■ ® Vk = ^ UJiVi ® ■ ■ ■ ® UiVj^i (g) CiVj f j+i ® ■ ■ • ® f A; 

k 

= ^r<^''^i+'''+''^-i>s<'''+i'^i+'''+^^-i>(5j-i+ifi ■■■(g) Vj^i ®Vi® Vj+i ■■■®Vk 
i=i 

= rf 1 (g) ■ ■ ■ (g) f j (g) f j (g) Vi+2 <g> ® ■ ■ ■ ®Vk or 

k-2 

Thus Ci ■ f 1 A f2 A ■ ■ ■ A ffc = in the Ur,s{sin) module 1/®7 Y^iZS ® '^^^(V) ® 

Y^{k-i-2) 

From the above discussion, we have that the fundamental representation V{ujk) is 
isomorphic to a submodule of \/®V ^Jr^ V'^'0Sl^{V)0V^'-''-'-^\ By taking special 
values of r and s, one sees that two modules have the same dimension, so they are 
isomorphic. □ 
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